Most modem large electrical machmes are sold subject to a condition in the contract which limits the sound power generated. It is important ti3 a large-machines manufacturer to be able to predict sound power which will be generated by his machine. One the biggest problems in this respect is the determination of the mechanical response of the stator core to electromagnetic forces acting on it. The predominant frequencies of interest are around rotor slot-passing frequency which is normally a small number of kHz. At these frequencies, the core of a machine cannot be modelled effectively in a mechanical sense using straightforward F.E. methods because of the very modal density in t h s range of frequencies. a s paper shows how a core model can be built up for each frequency by assembling a model for a single piece of core firstly into complete rings and subsequently connecting these rings into a cylindrical format.
Introduction ... current state of the problem
Noise has not always been a problem. It does not seem that many years ago that emitted noise was a measure of power, at least in some areas of society. How many motor cyclists in days gone by removed exhaust silencer baffles in order to create the illusion of power from their machines ?
Rotating machines have always been generators of noise and that noise came from two sources. Firstly from the fan and/or the ventilation circuits arid secondly from the laminated core as electromagnetic noise. For the frst 70 or 80 years production of induction motors, for former exceeded the latter except in the relatively few very high pole number (i.e. slow speed) cases.
From the early sixties, noise. firstly as a polIutant and then as a health hazard has been increasingly recopsed. In the sixties, it was not uncommon for hgh-speed motors to have measured sound pressure levels of between 90 and 100 dBA. As the requirement to reduce motor noise levels became environmentally desirable and a commercial necessity, the highest component was successfully addressed. Manufacturers became more slulled in the design of fans and air-circuits and as a consequence, machme overall noise levels were reduced by 10 to 15 dB to around 85 dBA. In 1972. the Health and Safety at Work Act lirmted the safe 8-hour noise exposure to 85dBA.
During all this time, when fan efficiency and cooling improvements were reducing ventilation noise, the thermal gain was being exploited by increasing the electromagnetic loading resulting in an increase in magnetic sourced noise levels. It was only a matter of time before the reducing ventilation noise levels and the increasing electromagnetic noise levels would cross over !. That time was the nineties.
On medium and large 2 and 4 pole induction machines, the noise level in the 12SHz and the 2000 Hz bands predominates. The graph in Fig. 1 below shows the octaveband spectra for 12 large induction motors where the "crossover" has taken place and the predominance of the two major octave bands is apparent. The overall one metre sound pressure levels of eleven of the twelve are well within a 82dBA h u t and yet the pure tones are only marginally acceptable.
Output coefficients of machines are now being h i t e d by having to restrict electromagnetic loading to levels that do not fully u t h e the full properties of the core material in order to limit the pure tone noise. The analytical approach in thls paper begins to address this issue NOISE RESULTS 
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Small and large machines and complexity of the dvnamics.
The modelling of noise from small electrical machines appears to be well under control (for example, [I] ). The same cannot be said for their larger counterparts. The fact is that the vibration behaviour of large machines is much more compla than that of small electrical machines. The contrast between small and large comes about because the lowest resonance frequencies of large structures tend to be much lower than the lowest resonance frequencies of small ones. The range of frequencies which is of interest in terms of vibration and noise is normally 20Hz -20kHz with the maximum attention being focused on 500Hz -8kHz. The stator cores of large electrical machmes can have thousands of distinct resonance frequencies below 8kHz whilst the stator core of a small machine might well have fewer than ten.
From the normal laws of scahg, stiffness is directly proportional to a h e a r dimension and mass is proportional to a h e a r dimension cubed so that natural frequencies are found to be in inverse proportion to a linear dimension. The comp:lexity of a structure can be taken to be proportional to the number of resonances frequencies in the frequency range of interest. If the modal densih of a particular structure is reasonably uniform over a band of frequencies. then the number of structural resonances below, say, 4kHz would be expected to be inversely proportional to the size of the structure.
However. for stator cores, it will be seen that modal density becomes extremely high in a particular range of frequencies around characteristic tooth-rochiiig frequency. When the size of a machme is such that characteristic tooth-rochin,ofrequency lies within the range of frequencies of interest, it is clear that its dynamics are highly complex. Th~s paper cIarifies this assertion and the analysis methods presented are aimed at machines of t h s size.
Forcing and Frequencies.
This paper concentrates on electromagnetic forcing because t b s is generally the most sigaficant producer of noise which is irritating and damaging to a human ear. The noise resulting from electromagnetic origins tends to comprise a small number of puretones. These cause more substantially more discomfort than broad.band noise -such as that due to air intake and exhaust -for the same amount of sound power.
Electromagnetic forcing can act on the stator in three major ways : * RADIAL FORCES acting at the stator tooth tips.
*
TANGENTIAL FORCES acting at the stator tooth tips.
* MAGNETOSTRICTIVE FORCES acting along stator teeth and along back-of-core. Note that radial and tangential forces act predominantly at the tip of the tooth and that the tip is so small and stiff that these can be considered to be point forces. The frequencies of the major forcing components can be predicted perfectly without recourse to finite element analysis [2] -as can the spatial distribution of the forces. The most significant frequency components are generally associated with rotor slot-passing frequency * twice supply frequency and these generally fall into the range of frequencies where human hearing is most critical.
Impedance Mismatches between Three Modelling Regimes.
If attention is being focused on noise which has its origins in electromagnetic forcing, then it is evident that a full system model must embrace electromagnetic properties to determine the excitation, mechanical dynamic properties to determine the vibration behaviour and properties of a specifically-shaped acoustic field to determine the acoustic behaviour. Fig. 2 below shows, schematically, one method in which these three regimes of the model can be assembled. The dashed lines show "feedback" between the three model areas. It can be shown that for all practical purposes, these "feedbacks" are negligible because of very large impedance mismatches between the three subsystems. The electromagnetic forcing in most industrial induction m a c h e s is quite "prismatic" in nature over the active length and can be analysed well in two dimensions. It is known that there are substantial forces in the end-windings especially during the direct online starting of induction machines but it is thought that for machmes fed from a pure sinusoidal supply, the endwindings do not see any sigrufiant components of oscdlatory flux at frequencies in the range of interest. The same is not true for endwindings of inverter fed machmes but this is another matter.
Mechanically, stator cores do not behave in a prismatic way. However, this provides a useful first approximation and gives some insight into the relative importance of the different forcing mechanisms. "In-plane models" (i.e. 2D models) of stator cores have been realised at various levels from simple ring theories with rigid teeth [3], through toothed-ring models based on straight and curved beam theory [4] with or without flexibility at the tooth roots, onto full 2D F.E. analyses.
The simplest useful model for a cross-section of a stator core is one in which the backof-core is assumed to be a ring which can flex but which does riot permit any shear deformations and which does not incorporate any extension of the back-of-core. The teeth are represented as independent rigid beams fYred to the neutral layer of the backof-core at equally spaced intervals. In such simple models, there is a single natural frequency for each value of N (the number of complete waves of radial deflection around the circumference) and with each such natural frequency, there is associated a pair of mode-shapes. The motion of the back-of-core i n the circumferential direction can be related to the motion in the radial direction (from the requirement that the back of core should not extend) and we have . . .
Radial Vibration
The radial motion of the tips of the teeth is identical to the radial motion at the back of core (up to a particular frequency threshold). If the tips of teeth are at a distance H ffom the neutral ring, then the tangential movement at the tips of the teeth is . . .
Tang'tl Tip Motion
From ths. it is evident that tangential motion at tooth tips can be substantially greater than radial motion for modes having high values of N. The ratio (H/R) must be less than unity but it can often exceed 0.4 in real machines. The fact that tangential motion can be substantially greater than radial motion suggests that some modes are much more susceptible to tangential excitation than they are to radial.
: w(e)=v(e)+H.a(e)=u [
:
The model presented above is unrealistically simple for all purposes except to predict the approximate resonance frequencies associated with N=2 modes and perhaps N=3 modes and to explain in simple terms why it is likely that tangential forces are sigmficant. Slightly more detailed models have been created [4] , [5] in whch the teeth can flex with respect to the back-of-core and these represent a substantial improvement and though better results are obtained by using 2D finie-element analysis, these analyses treating the teeth as being flexible are sufficient to introduce the highly important concept of tooth-resonance frequency. An analysis of a ring carrymg flexible teeth will produce (at least) two resonance frequencies for each value of N (the number of waves of radial deflection about the ring). A plot relating these frequencies to N is very informative as to the nature of resonances in machine stators. If the characteristic tooth resonance frequency lies below the maximum frequency of interest (around 8icHz) then the machine stator has a very complex dynamic behaviour. This is the case for large machmes and tends not to occur for machines rated below 20kW.
Fig. 5. Resonance frequencies as a function of iV (with flexible teeth).
In fact, the teeth of stator cores are connected to some extent by the contents of the stator slots -coils. insulation and resin. These elements also add significantly to the mass of the complete stator core. It is possible to develop simple beam-based models hrther to account for the added stfiess and mass of the winding. Such models are useful for showing that the tooth-rocking remnance becomes dependent on N but at this point there is little justlfication for not resorting to 2D fmite-element analysis.
Tn analysing the dynamics of any cycIicaLly-periodic structure, substantial advantage can be taken of the periodicity by recognising that the natural modes of such structures fall into uncoupled groups -each group being characterised by a different value of iV. If a stator core has M teeth. then it can normally be treated as a cyclically periodic assembly of A4 different bays and it will have uncoupled groups of modes for 0 5 N 5 M/2. Methods for calculating these modes are well established [6] . Analyses of several wound cores have been carried out and several interesting facts emerge :
(1) For each value of N (recall that this is the number of waves about the circumference of the machme), there are several different resonance frequencies.
The first two resonances for a given value of N are associated with modes in whch the tooth tips rock in (a) the same direction as an inward normil to the back-of-core and (b) the opposite direction to the inward normal to the back of core.
(2) For a given N , the first resonance is always below the characteristic tooth rocking frequency and the second is always above it.
(3) The radial response of the back-of-core to radial forces acting at the tooth tips always has an anti-resonance between the first two resonances. Indeed, this coincides with the characteristic tooth-rocking frequency for that particular value of N. By contrast, the radial response of the back-of-core to tangential forces acting at the tooth tips never has an anti-resonance between the first tvvo resonances. In the case of a very large number of machmes, the three principal fi-equency components of airgap forcing lie in the region of the tooth-rocking frequency.
(4) The stifmess of the connection between teeth through the contents of the stator slots is quite fundamental in determining the resonance fiequencies of the stator core and the relative importance of radial and tangential forces at the tooth tips. Fig. 6 shows that the mesh for a single "bay" of a 2D stator core model comprises a region of steel core material together with 2 regions of "slot-fill". It also shows 3 mode shapes for N=O. The outer diameter of this core was 0.95m. Fig. 7 shows a plot of resonance frequencies as h c t i o n s of N. Fig. 8 
3D Models of the Stator Core.
In the light of the above discussion on the 2D models, it is evidient that an accurate modelling of the teeth of stator cores is absolutely vital if the correct response of the stator core is to be calculated. This implicitly means that the mesh detail around the roots of the teeth must be comparatively fine. It is also established that for a large machme stator with A4 stator teeth (note that A4 is typically between 60 and 200), a good 2D model will predict something of the order of 3M/2 different resonance frequencies most of which are associated with 2 distinct modes each. It is easy to see that a good 3D model should predict several times this number of resonances if one takes the view that the stator core comprises several reasonably-independent axial planes. This latter assertion may seem questionable at first but it can be justfied by noting that almost all stator cores of large AC machmes are laminated with the laminations lying in planes normal to the machine axis. A study [ 7 ] on the equivalent bulk elastic properties of laminated steel in m a c h e s has shown that the effective modulus of rigidity of a stack of laminations can be as low as 0.25% of the normal modulus of rigidity of solid steel when the shearing action tends to make the laminations slide over each other. or more can have quite independent motions and a good model would probably have degrees of freedom on planes which were separated by no more than 40mm.
A method has been outlined [8] by which the detail required for an accurate 3D model of the stator core can be retained despite the very large number of degrees of freedom involved. The model begins as a model of a single bay which is "replicated" in both the circumferential and axial directions to form a cylindrical stator core. Fig. 9 illustrates. Note that the "replication" referred to here is not simply creating new nodes and elements. The calculation method is based on modal synthesis in which the natural modes of the stator core are computed in groups corresponding to different values of N. For each of these groups of modes, the stator core is initially constrained to behave as though it was cyclically symmetrical in the axial direction (in that deflections at the two axial ends are constrained to be the same) and t h s constraint is subsequently relaxed by introducing specially-chosen new coordinates which are very slrmlar to the attachment modes used i n one of the methods of representing substructures [9] . Most of the equations underlying the method up to this point are presented below. The remainder of the analysis for determining the stator core natural modes is described adequately by [lo] .
Vector q, is the vector of displacements of the bay positioned at 8,. 5 . Standard FE methods are applied to form mass and s t f i e s s matrices Khy, Mhy. Constraints are applied forcing the pattern of displacements to belong to group N and the mass and stiffness matrices for thejth unconnected ring are derived.
The equation of constraint between adjacent bays in a ring (st, and q, -I,,) can always be expressed as shown below using (8).
A transformation matrix, T,, is then created such that C,T, = 0 and [CcT Tc] is full rank. Then a new vector of coordinates (for one "connected ring'" ) is defined and the associated stiffhess and mass matrices are derived by the conventicmal means ..
Having created a model for a full '&ring", the procedure for creating a complete core proceeds in a familiar way since the next step is to determine system matrices for a complete core subjected to the constraint that the ends must have identical displacements. The equations needed to cany out this step are identical to (6) -(9) except that : different subscripts appear because the displacement vectors are different in place of M (the number of stator teeth), the number of axial divisions of the stator core would be inserted.
instead of , V (the number of complete waves of displacement about the circumference) we would insert the number of complete waves of displacement in the axial direction.
The result thus far is that all relevant natural fkequencies and mode-shapes of the stator core (constrained so that ends move identically) have been determined and hence there is a well defined transformation which maps deflections of the (constrained) stator core onto a set of displacement coordinates for which the mass and !;tlffhess matrices are diagonal.
To complete the model, the artificial constraint placed on the axial ends must be removed. Ths is done by introducing additional coordinates as described in detail in [ 1 I]. Ultimately, the outcome is a mass matrix and a stiffness matrix which are sufficiently simple in form that calculation of stator core response is very efficientdespite the relatively large numbers of degrees of freedom involved in the model.
The method has been implemented and tested on simple structures with relatively few degrees of freedom per bay and at this stage, it has been implemented for stator cores in general apart from the final stage where the additional coordinates are introduced. Fig. 10 shows some geometrical detail of a hypothetical stator core to which the method has been applied and Fig. 1 1 provides a point response (radial motion resulting from an oblique force at one tooth tip for a single ring. Damping was deliberately not applied in order that the number of resonances being dealt with would be evident. "ring" of core.
An overview of the problem of predicting vibration in large electrical machines has been given which shows that vibration in large machmes is many times more complex to deal with than vibration in small machmes. It has been shown also that there is a strong justification for modelling the vibration of the stator core on its own in the first instance. Through the use of 2D models, some fundamental properties of all stator cores vibrating in their own plane have been presented and it has been shown that tangential forces have the potential to be very sigmfkant in causing vibration though their magnitude may be several times smaller than the radial forces in the machine. Finally an efficient method for modelling stator cores accurately in three dimensions has been introduced and prehmary results presented.
